Abstract.
Introduction
Let %?x , %?2, 3ffx , and 3lf2 be Hilbert spaces and i.e., we want to find the contractions B = ( "" "12 ) such that BS = T. The \ "21 «22 / special case S*S = T*T called the Strong Parrott problem was considered by Foias. and Tannenbaum in [5] . The Strong Parrott problem arose out of questions in the theory of intertwining dilations (see [4] ). For problem (1.3) we establish necessary and sufficient conditions for the existence of a contractive solution. For this purpose, based on an observation due to Timotin [7] , we reduce the problem to a positive semidefinite completion problem. In the case when a solution exists, we obtain a parametrization for the set of all solutions as well as necessary and sufficient conditions for the existence of an isometric, coisometric, and unitary solution. It is well known (see [2] ) that the existence of a positive semidefinite completion of (2.2) is equivalent to the positive semidefiniteness of the two 4x4 principal submatrices of (2.2) formed with known entries. The positive semidefiniteness of the upper one can be reduced by a Schur complement argument to conditions (i) and (ii) while the positive semidefiniteness of the lower one is equivalent to (iii). □ In the case when S*S = T*T, condition (iii) reduces to || f B'2 J || < 1 and S2 = 7i*2 Fi -(-7^22^2. In this way, we recover the result of [5, Theorem 2] (see also [7] ).
Before stating our parametrization, we introduce some notation and recall some results. For a linear operator T we denote by £%(T) the closure of its range. For a contraction T: ^ -> & we denote Dt = (I -T*T)XI2 and ST = ~M(DT). Moreover, we have that
Next consider matrix (1.1) with
The sufficiency of these two conditions for the existence of a contractive completion of (1.1) (i.e., without the additional requirement BS = T) was first proved in [6] . The contractivity of the operators in (2.5) imply by (2.3) the existence of contractions Gx: %fx -» 31 B* and G2: 3B]2 -» 3?2 such that (2.6) BXX=DB.GX, B22 = G2DBn.
It was proved in [1, 3] that there exists a one-to-one correspondence between the set of all contractive completions of (1.1) and the set of all contractions T:3Gl ^2Gi given by (2.7) B2X = -G2B*X2Gx+DG.TDGi.
Moreover, in [1] it was proved that if B -[ """ '2 ) is the completion corre- We are ready to state our parametrization results. (ii) Problem (1.3) has an isometric solution B if and only if G2 is an isometry, S*S = T*T, and dim3Gx < dim3G-2 . and thus DrDGx Sx = 0. This latter relation implies that V is an isometry on 3?(DGxSx), and thus (2.10) implies that To is an isometry. Relation (2.14) implies that the existence of an isometric completion is equivalent with the conditions that G2 and r0 are isometric and there exists an isometry G: ker(S*DGx\3Gx) -► 3r. . So it remains to prove that dim.S'r-. < dim(kerS'1*DGl|.®Gl) is equivalent with dim^G] < dim3G-. Since To is an isometry, dim3r. = din\3G. -din\9i(DGxSx). The latter equality together with dimker(S*T>G,|.SGl) = din\3Gx -dimi?(7>GlS,)
imply that dimker(5'*7)G||^Gl) < din\3y. is equivalent with dim3Gx < dim3G and (ii) follows. The proof of (iii) is similar to that of (ii), but we must add the condition that Gi is a coisometry and that there exists a unitary G: ker(SxDGx \3Gx) -> 3y , which finally gives the condition dim^Gl = dim3G-. □
